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  Abstract  

 
 

Fuzzy graph is now a very important research area due to 

its wide application. Fuzzy Planar Graph is an important 

subclass of fuzzy graph. The split domination number of 

𝐺 is the minimum fuzzy cardinality of a split dominating 

set. In this paper,  we introduced a new concept of  "Split 

Domination in Fuzzy Planar Graph".  It is combination of 

spilt domination and fuzzy planar graph.  Here, we 

studied the  relation between a split domination number 

and value of planarity. We derived some results by using 

minimal domination set. 
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I. INTRODUCTION 

Fuzzy graph theory is one of the developing section in Mathematics. Many authors were 

derived more results in fuzzy graph theory.  

           We discussed the concept of dominating graph were introduced by V.R. Kulli and 

Bidarhalli Janakiraman [5]. We used the Concept Of Fuzzy Planar Graph with using 

planarity value is introduced by Sovan Samantha, Anita Pal, Madhumangal Pal [8] and 

Domination in Fuzzy Graph is introduced by A.Somasundaram and S.Somasundaram [6].  

Q. M. Mahyoub and N.D.Soner [2] initiate the split dominating set and split dominating 

number in fuzzy graphs. M. Nithyakalyani and S. Manonmani [4] introducedn the 

dominating in fuzzy planar graphs. In this paper we introduced split domination in fuzzy 

planar graph and also some results. 
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II.  PRELIMINARIES 

Definition: 2.1  

A finite graph is a graph 𝐺 = (𝑉, 𝐸) such that V and E are called vertices and 

edges finite sets. 

Definition: 2.2 

An infinite graph is one with an infinite set or edges or both.  Most commonly in 

graph theory, it is implied that the graphs discussed are finite. 

Definition: 2.3 

               If more than one edge joining two vertices is allowed, the resulting object is a 

multigraph[1].  Edges joining the same vertices are called multiple lines. 

 Definition: 2.4 

A drawing of a geometric representation of a graph on any surface such that no 

edges intersect is called embedding. 

Definition: 2.5 

              A graph G is planar [1] if it can be drawn in the plane with its edges only 

intersecting at vertices of G.  So the graph is non-planar if it cannot be drawn without 

crossings. 

Definition: 2.6 

A 𝒇𝒖𝒛𝒛𝒚 𝒔𝒆𝒕 𝑨 [3] on a universal set X is characterized by a mapping 𝑚: 𝑋 →
[0,1], which is called the membership function.  A fuzzy set is denoted by 𝐴 = (𝑋, 𝑚). 

Definition: 2.7 

               A 𝒇𝒖𝒛𝒛𝒚 𝒈𝒓𝒂𝒑𝒉 [3] 𝐺 = (𝑉, 𝜎, 𝜇) is a non-empty set V together with a pair of 

function 𝜎: 𝑉 → [0,1] and 𝜇: 𝑉 × 𝑉 → [0,1] such that for all 𝑥, 𝑦 ∈ 𝑉, 𝜇(𝑥, 𝑦) ≤
𝜎(𝑥)˄𝜎(𝑦) Where 𝜎(𝑥) and 𝜇(𝑥, 𝑦) represent the membership values of the vertex x and 

of the edge (𝑥, 𝑦) in G respectively. 

Definition: 2.8 

The fuzzy graph  𝐺 − (𝑉, 𝜎, 𝜇), an edge (𝑥, 𝑦) is called 𝒔𝒕𝒓𝒐𝒏𝒈 [7] if  
1

2
{𝜎 𝑥 ˄𝜎 𝑦 } ≤ 𝜇(𝑥, 𝑦) and weak otherwise.  

Definition: 2.9 

The order p [4] and size q [6] of a fuzzy graph 𝐺 = (𝜎, 𝜇) are defined to be 

𝑝 =  𝜎(𝑥)𝑥∈𝑉  and 𝑞 =  𝜇(𝑥𝑦)𝑥,𝑦∈𝐸 . 

Definition: 2.10 

𝑁 𝑥 = {𝑦 ∈ 𝑉 ⃓ 𝜇 𝑥𝑦 = 𝜎(𝑥)˄𝜎(𝑦)} is called the neighborhood of x and 

𝑁 𝑥 = 𝑁 𝑥 ∪ {𝑥} is called the closed neighborhood of x [6]. 

Definition: 2.11 

If an edge (𝑥, 𝑦) of a fuzzy graph satisfies the condition 𝜇 𝑥, 𝑦 = 𝜎(𝑥)˄𝜎(𝑦), 

then this edge is called effective edge [8]. 

Definition: 2.12 

Two vertices are said to be effective adjacent [8] if they are the end vertices of the 

same effective edge. 

 

Definition: 2.13 

The minimum neighborhood degree is denoted by 𝛿𝑁 and maximum 

neighborhood degree is denoted by ∆𝑁  

Definition: 2.14 

  Let G be a fuzzy planar graph with planarity value f, [8] where 
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𝑓 =
1

1+{𝐼𝑃1 +𝐼𝑃2 +⋯+𝐼𝑃𝑛 }
.    The range of f is 0 < 𝑓 ≤ 1. 

Here,   𝑃1, 𝑃2, … . 𝑃𝑛  be the points intersections between the edges. 

          In a graph 𝐺 = (𝑉, 𝜎, 𝐸), E contains two edges 𝜇 𝑎, 𝑏  and 𝜇 𝑐, 𝑑 , which are 

intersected at a point P. 

         Strength of the fuzzy edge 𝐼(𝑎,𝑏) =
𝜇(𝑎,𝑏)

{𝜎(𝑎)˄𝜎(𝑏)}
 . 

          The intersecting point at P is 𝐼𝑃 =
𝐼 𝑎 ,𝑏 +𝐼(𝑐,𝑑)

2
. 

 Results:  

If there is no point of intersection for a geometrical representation of a fuzzy planar 

graph, then its fuzzy planarity value is 1. 

 If  𝜇 𝑤, 𝑥 = 1 (or near to 1) and 𝜇 𝑦, 𝑧 = 0 (near to 0), then we say that the fuzzy 

graph has no crossing. Then the crossing will not be important for planarity. 

 If 𝜇 𝑤, 𝑥 = 1 (or near to 1) and 𝜇 𝑦, 𝑧 = 1 (near to 1),  then the crossing will be 

important for planarity. 

 Strong fuzzy planar graph if 𝑓 is greater than or equal 0.5. 

 Otherwise weak. 

Definition: 2.15 

 Let 𝐺 = (𝑉, 𝐸) be a graph.  A set 𝐷 ⊆ 𝑉 is a 𝑫𝒐𝒎𝒊𝒏𝒂𝒕𝒊𝒏𝒈 𝑺𝒆𝒕 [5] of G if every 

vertex in 𝑉\𝐷 is adjacent to some vertex in D. 

Definition: 2.16 

  The 𝒎𝒊𝒏𝒂𝒕𝒊𝒏𝒈 𝒔𝒆𝒕 𝜸(𝑮) [5] of G is the minimum cardinality of a dominating set.  

Definition: 2.17 

            A dominating set D is a 𝒎𝒊𝒏𝒊𝒎𝒂𝒍 𝒅𝒐𝒎𝒊𝒏𝒂𝒕𝒊𝒏𝒈 𝒔𝒆𝒕 [5] if no proper subset 

𝐷′ ⊂ 𝐷 is a dominating set of  𝐺. 

Definition: 2.18 

 Let 𝐺 = (𝑉, 𝜎, 𝜇) be a fuzzy graph on 𝑉. Let 𝑥, 𝑦 ∈ 𝑉, if x dominates y in 𝐺 if 

μ x, y = σ x ˄σ y . A subset 𝐷 of 𝑉 is called a 𝒅𝒐𝒎𝒊𝒏𝒂𝒕𝒊𝒏𝒈 𝒔𝒆𝒕 [6] in G if for every 

𝑣 ∉ 𝐷, there exists 𝑢 ∈ 𝐷 such that u dominates v.  

Definition: 2.19 

 The minimum fuzzy cardinality of a dominating set in 𝐺 is called the dominating 

number [6] of 𝐺 and is denoted by 𝜁(𝐺) or 𝜁. 

Definition: 2.20 

  Let 𝐺 be a fuzzy graph without isolated vertices.  A subset 𝐷 of 𝑉 is said to be a 

Total Dominating  

set [6] if every vertex in 𝑉 is dominated by a vertex in 𝐷. 

            The Total Domination Number of 𝐺 is denoted by 𝜁𝑡 . 

Definition: 2.21 

 If a graph 𝐺 is said to be Domination in Fuzzy Planar Graph [4] if   

 𝐺 = (𝑉, 𝜎, 𝜇) be a fuzzy planar graph with planarity value f. 

 Let 𝑥, 𝑦 ∈ 𝑉, 𝑥 dominates y in G then 𝜇(𝑥, 𝑦) ≤ 𝜎(𝑥)˄𝜎(𝑦). 

 A subset 𝐷 of 𝑉 is called a dominating set in 𝐺 if for every 𝑦 ∉ 𝐷, there exist 

𝑥 ∈ 𝐷 such that 𝑥 dominates y. 

 The minimum fuzzy cardinality of a dominating set in G is called the dominating 

number of 𝐺 and is denoted by 𝜁𝐹𝑃 . 
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Definition: 2.22 

 

 A dominating set 𝐷 of a fuzzy graph 𝐺 = (𝜇, 𝜌) is a Split Dominating [2] set if the 

induced subgraph  𝐻 = (< 𝑉 − 𝐷 >, 𝜇′, 𝜌′) is disconnected. The minimum fuzzy 

cardinality of a split dominating set is called a split domination number and is denoted by 

𝜁𝑠 𝐺 . 
 

III. SPLIT DOMINATION IN FUZZY PLANAR GRAPH 

Definition: 3.1 

A domination set  𝐷 of a fuzzy planar graph with planarity value 𝑓 is a Split Domination 

Set if the induced fuzzy planar subgraph 𝑉 − 𝐷 is disconnected. 

Domination set is denoted by 𝐷𝑆𝑃𝐹𝑃 . Minimum domination number is denoted by 𝜁𝑆𝑃𝐹𝑃 . 

Example:3.2 

 

                                               

 

 

 

 
 

 

 

 

 

 

 

 

 

𝐷𝑆𝑃𝐹𝑃 =  𝑐, 𝑑, 𝑔  ,  𝜁𝑆𝑃𝐹𝑃 = 3. 

Definition: 3.3 

A dominating set 𝐷 of a Fuzzy Planar Graph 𝐺 is said to be a Minimal Split Domination 

Set if no proper subset of 𝐷. 

Theorem : 3.4 

Let G be a fuzzy planar graph the planirity value 𝑓 and  𝜁𝑆𝑃𝐹𝑃  be a Minimum split 

domination number then 𝑓 ≤ 𝜁𝑆𝑃𝐹𝑃 . 
Proof: 

Let 𝐺 be a fuzzy planar graph with the planarity value 𝑓. Where 𝑓 is bounded and 0 < 𝑓 ≤
1. 
Let  𝜁𝑆𝑃𝐹𝑃  be a minimum split domination number of fuzzy planar graph.  

Here, possibility of minimum split domination number should be 1. Hence   𝑓 ≤  𝜁𝑆𝑃𝐹𝑃 . 
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𝐷𝑆𝑃𝐹𝑃 =   𝐷  , 𝑓= 0.571,  𝜁𝑆𝑃𝐹𝑃 = 1, 𝑓 ≤ 𝜁𝑆𝑃𝐹𝑃 , 0.57 ≤ 1. 

Hence proved. 

Theorem : 3.5 

A split dominating set  𝐷𝑆𝑃𝐹𝑃  of a fuzzy planar graph G is a minimal split dominating set 

iff for each  𝑥 ∈ 𝐷𝑆𝑃𝐹𝑃 . Then it should hold any one of the following 

i. 𝑁 𝑥 ∩ 𝐷𝑆𝑃𝐹𝑃 = ∅. 

ii. There is a vertex.  

𝑦 ∈ 𝑣/𝐷𝑆𝑃𝐹𝑃  such that 𝑁 𝑦 ∩ 𝐷𝑆𝑃𝐹𝑃 = {𝑥} 

Proof: 

Let 𝐷𝑆𝑃𝐹𝑃  be a minimum split dominating set. 

 𝑥 ∈ 𝐷𝑆𝑃𝐹𝑃  then 𝐷𝑜 =  𝐷𝑆𝑃𝐹𝑃 −  𝑥   is not a split dominating set and hence there 

exist 𝑎 ∈ 𝑉 − 𝐷𝑜  suchthat  𝑎 is not dominated by any element of  𝐷𝑜 . 
If 𝑎 = 𝑥 we will get i. If 𝑎 ≠ 𝑥 we will get ii. 
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𝑉 =  𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹 ,  𝐷𝑆𝑃𝐹𝑃 =   𝐶, 𝐷 . 
𝐶 ∈ 𝐷𝑆𝑃𝐹𝑃 ⟹ 𝑁 𝐶 =  𝐴, 𝐵, 𝐷 , 𝐷𝑜 =  𝐶, 𝐷 −  𝐶 =  𝐷 . 
𝑉− 𝐷𝑜 =  𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹 −  𝐷 =  𝐴, 𝐵, 𝐶, 𝐸, 𝐹 . 
If 𝐷 = 𝐶, 𝑁 𝐶 ∩ 𝐷𝑆𝑃𝐹𝑃 =  𝐴, 𝐵, 𝐷 ∩  𝐶, 𝐶 = ∅ 

𝑎 ∈ 𝑉 − 𝐷𝑆𝑃𝐹𝑃 , 𝑁 𝑎 ∩ 𝐷𝑆𝑃𝐹𝑃 =  𝐶 .  
Hence proved. 

Theorem: 3.6 

Let 𝐺 be a fuzzy planar graph without isolated vertices and 𝐷𝑆𝑃𝐹𝑃  be a minimum split 

dominating set of 𝐺. Then 𝑉 − 𝐷𝑆𝑃𝐹𝑃  is also be a split dominating set of 𝐺. 

Proof: 

Let 𝑦 ∈ 𝐷𝑆𝑃𝐹𝑃 . Since 𝐺 has no isolated vertices there is a vertex 𝑥 ∈ 𝑁 𝑦 . From the above 

theorem, 

𝑦 ∈ 𝑉 − 𝐷,  thus every element of 𝐷 is dominated by some element of 𝑉 − 𝐷. 
Hence proved. 

Theorem :3.7 

A dominating set 𝐷 of a fuzzy planar graph 𝐺 is a split dominating set 𝐷𝑆𝑃𝐹𝑃  iff there exist 

2 vertices  𝑢, 𝑣 ∈ 𝑉 − 𝐷 such that every 𝑢 − 𝑣 contains a fuzzy vertex of 𝐷. 
Proof: 

Let D be a split dominating set D of a fuzzy planar graph G. Then the induced subgraph 

< 𝑉 − 𝐷 > is disconnected. 

 Hence there exist two vertices 𝑢, 𝑣 ∈ 𝑉 − 𝐷 such that every 𝑢 − 𝑣 path contains a 

fuzzy vertex of 𝐷. be a dominating set then the induced subgraph 𝑉 − 𝐷 is connected or 

disconnected. 

 Suppose if it is connected then there exist 𝑢, 𝑣 ∈ 𝑉 − 𝐷 such that 𝑢 − 𝑣 path atleast 

not contains  fuzzy vertex of 𝐷.   which is contradiction. 

Hence 𝑉 − 𝐷 is disconnected which implies 𝐷 is a split dominating set of a fuzzy planar 

graph 𝐺. Hence proved. 
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IV. CONCLUSION 

The concept of  "Split Domination in Fuzzy Graph"  has been discussed in this paper. We 

derived the results by using split domination in fuzzy planar graph and minimal 

dominating set 
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